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THEORY OF CYCLOSTATIONARY POPS

Hans von Storch, MPI/BMRC

1. INTRODUCTION

In this manuscript, the formal concept of the ‘“cyclostationary POPs" s
presented.  Cyclostationary POPs, which are are generalization of ordinary
(staionary) POPs (Hasselmann, 1988; Storch et al., 1988), have been suggested
originally by Hasselmann (1985?; unpubl. manuscript), and have been designed
by Ortiz et al (1990) and Blumenthal (1990).

It should be noted that the following formalism may be applied to linear
systems whose system matrices are estimated from data or whose system matrices
are  derived from theoretical ~ dynamical  considerations (e.g., Kelvin  and
Rossby waves in the equatorial Pacific whose periods are comparable with the

annual cycle).

The following notations are used: Vectors are given in bold and matrices are
given in gothic. If @ is a matrix then @' is the transposed matrix. If x s
any complex quantity then x" is the conjugate complex. The time is given by a
pair of integers (t,1), with t counting the cycles (annual cycle, diurnal = cyc-
le, QBO as an external cycle), and 7t counting the "seasonal date”, i.e., the
time steps within a cycle, with T = l..n It is (tn+l) = (t+1,1) or, gene-

rally, (t,t+n) = (t+1,1). Then the cyclostationary process may be written as

(1) y(1,7+1) = &(T)y(,T) + noise

with y(t,T+n) = y(t+1,7) and A(t+n) = A(T)
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2) THE t-CYCLE POP MODELS

a) The eigenvectors

Applying (1) consecutively n-times we find with

2) B(T) = d(T+n-1)-A(T+n-2)-...4(T+1)-A(T)
that
(3) y(t+1,7) = B(1)-y(t,T) + noise

Because of the imposed periodicity n of the models (3), named here t-cycle POP
models, exist. To each of these a conventional POP analysis can be applied. In
this way eigenvectors p;c and eigenvalues 7»? are obtained:

B(1) pf. = x}' p}' with p;,CT*-p;c =1

In the following the sub-index j is dropped, for convenience. It is easily
shown that the eigenvalues A" are the same for different t-cycle POP models:

Br) pt = A'p' = AT+n)B(T) p' = A' &T+n)p"

Since A(T+n) = 4(t), using (2): = B(t+]) [H(T)pr] = kT [a('c)-p,c].

. T . .
Thus B(t+1) and B(t) share the same eigenvalues, and #(T)p" 1is an eigenvector
of B(t+l) if p’E is an eigenvector of B(t). Of course, the eigenvectors are

subject to normalization, i.e.,

@ pT+1 = [rt-elq)’c] SEI('c)~p’c

. T* "[ o
with a real constant r. chosen so that pT p- = L1 If, for a certain T, the

normalization condition p T"‘-p’E = 1 is fulfilled, then

[p‘“‘]“-p‘*1 - [rt-ew‘]-[rt.eiq)‘]-p”‘ a(m)"-a)p’

or

(5) r, = ng)-pn’!
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T+

The angle c]>,c is chosen so that p-™ = pt. Repeated application of (4) yields:

i
T n n- n-
P = [r‘tm-l'e * 1} A(T+n-1)-p* ™!

n-1 n-1 I n-1
= [H I e T+] [jl;lo ﬂ(‘c+j)]-pT

n-1 n-1 l¢ n-1 n-1 l¢
_ . T+j nt _ 12T . T+) T

(0, 1oy Oy e | s0p" - 2 (0, roy T, e K
so that \H! - nﬁl 'nﬁ;l ith & iy.

T j=o0 r‘C+j. ex‘n[lj=0 ¢ T+j]’ or, wit =per
(6) n-1 -1 n-1

P = [jI;IO r‘C+j] and -y = j§0 1.

We set
™ 0, = -y/n for all 1
Relation (6) and (7) are reasonable: Within one t-cycle, the POP is damped by

the factor p and rotated by an angle . Thus, to ensure pT"n = pT, at each

time step the pattern is amplified by r. and rotated backwards by -y/n.

So far, we have described through (4) how the different POPs, pl,...,p", in a
each other, and have imposed by means of (5) the

cycle are related to
T ' - 1. The cycle is, however, not yet uniquely

ge0metric  constraints P, P '
determined: The patterns ﬁf,...,]"i" with |3T = e”’lpT, with any real number H,

1 e e
ransform  into each other as the cycle p,..p° does, and satisfies the

geometric constraint also. To make the cycle unique, we are choosing that

Pattern p1 whose real part is closest to a positive constant, i.e, that is
Minimizing IRe(p')-11. In the examples to come, we present cyclostationary

POPs  and (conventional) stationary POPs at the same time. To allow for a

better comparison, the  selection for both sets of patterns, via the

Minimization of IRe(p')-11, is the same.
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b) The time coefficients

Usually the set of eigenvectors pT is at each seasonal date 1 (linearly)

complete so that for any observed field y(i,T) there is an unique expansion
8 = K

8) Y1 =) Zt7) p,

Then, using (4) and (1)

zj 2 (1T+1) pf“ = y(t,t+1) = A(T)y(t,T) + noise

= Z z(t,1) A(T) pf + noise
. -1 .

= Zj zj(t,’r) [r,c eV n] {rT o W/ n]-a(‘c)p;c + noise
o

_ —z\y/n T+l .

= Zj zj(t,’r) [rT e J p;” + noise

or,

) 2(tt+1) = {r%‘ ei“’/“]-zj(t,r) + noise for all j.

In the following the sub-index j is dropped again. Repeated application of (9)
yields, not unexpectedly, the conventional POP model result:

n-1

z(t+1,7) = II

-1 _y/n :
. +
RN [rl_+k e J z(t,T) + noise

n-1 -1 .
= [ II1 r ] etV -z(t,T) + noise = A-z(t,T) + noise
k=0 T+k

There are two ways of determining the POP coefficients t(tt). The more
elegant approach is using the ‘adjoint patterns’, described in the next
subsection. A  strai ght-forward, and fairly robust, way is to fit at each time

the POP patterns to the full field, i.e., by minimizing

% . T .
(9a) Iy(t,7) - 260" - [2t7)-p N if p” is complex, or
%b T if p* is real
) y(t,7) - z(t,T)-p I i p
The solution of (9a) is, with the notation z = zl+i,z2 and p = p, + b, with
real numbers z,z, and real vectors p,.p,:
:(\/ tey - - -13!#»’2)2‘ £ = 4-32' - 2’21}7% - Tam flzi'«athi’a 42‘2 P‘z * 2:"12
-~ 2
= 241 +

%% Syt ZZpp, T 2T >0, =



cyclo  30/1/1991 5

T T T

plpl p1p2 Z1 1 y pl
(%) = - -
pp, 00, | |z 2| ¥'p,

whereas the solution of (9b) is, formally, the regression of y on pT:

(9d) 2(t7) = y(t,0-p/pp"
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c¢) The adjoints

As mentioned in the previous Subsection, the adjoint patterns qT are a

convenient tool to derive he POP coefficients: adjoint patterns are the
eigenvectors of the transposed matrix B(t)' which has the same eigenvalues as
B(1). Then

a;"p; = " a}[50p]) = )" (50'q)'p]
= /N) q)'P;
o that ¢*"p* = 0 if A = Kj. With proper normalization it is q’j”p: = 1. Using
i i

this orthonormality, we find

T T
¥1) = § 210 p) = gD = J 200 4 P

and, after dropping the sub-index j:

10 2(17) = q"y(L7)
ie, the time coefficient is given by the dot product of the adjoint pattern

qf. with the actual field y(1,1).

The adjoint patterns q° and q°" are related to each other in a simple formu-

la, similar to (4):
8(1)"q" = Aq" I B [B(T)th] = Aa(t-1)Tq"

T T
= s~ [a(wn-l)TqT] _ B(r-1)" [ﬂ(t-l)TqT] - Aa(t-1)'q

. T . . . s
Thus E(T- l)TqTiS an adj()int of B(T' 1) if q 1S an ad_]Olnt of B(T) Since

eigenvectors as well as adjoint are subject to normalization:

i€
(11) q‘c _ st-e ’C_g(T)Tq’EH

Then, using (4) and deleting the sub-index 1 in &1.5

] T i€\ THT T

s 1:/r’tei(&-q))) qr+1T_ p't+1
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11T T+1
To ensure [qq"+ ] pT! = 1, one has to set

(12) s, = I and ét =0,

Note hat the adjoints are dependent on all eigenvectors, not just the one, or
few, that is describing the signal of interest. This is because the adjoint qic
has to be orthogonal to all eigenvectors p: with k # j. In some cases, and irjl
particular in synthetic examples, it might be possible that there is only one
determined signal in the data set, whereas all other eigenvectors are just
reflecting  particularities of the considered sample. Then, unfavorably, the

adjoint of the one signal has to be orthogonal to all these random

eigenvectors.

In the examples presented below, both approaches, the least square fit (9a/b)
and the adjoint-formula (10) have been used to determine the POP coefficients.

In most cases the results were almost identical.



cyclo  30/1/1991 8

3) ESTIMATING THE SYSTEM MATRICES

If the system matrices A(T) are not given by theoretical theory they have to
be estimated from the data. To do so, two different approaches are possible.
Either, for each seasonal data T the matrix is estimated explicitly by setting

-1
0,T

If the cycle is short (e.g., if the annual cycle is considered in terms of
3-months means (n=4)), this method 1is reasonable; if, however, long cycles
(e.g., annual cycle in terms of daily values (n=365)) are considered, this
estimate will be quite noisy. In that case it might be better to fit a perio-

(3.1) A1) =€ . €

dic expression:
(3.2 ar) =4 + Z, E{jsm(]on) + Bcos(jor)

with constant matrices & and B, minimizing
) J

(33) Yo 18, + ). dsinGor) + BeosGon) - €, 6, oI’

¢ . and Cor could either be explicitly calculated for each seasonal date T

or be fitted to the first few harmonics

(4.4) ¢

in(i + D _cos(jwt
= St Zj (Ejlsm(](m) » (joor)

4.5) 0:01

Note that the estimation of the estimation of the matrices (S:Ok and Djk’ k=0,1,
and € - for all T calculated.

in(j + D _cos(jort
c, + Zj (Sjosm(]co*r) X (jor)

does not require to have the all matrices Go,'r
Instead they may be obtained by (4.6)
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4) EXAMPLES

A number of synthetic and of real-world examples are considered. The first one
is on a damped process with a fixed (standing) spatial pattern and a seasonal-
ly varying memory. The second example is a real-world, on the QBO, which is
described as a propagating feature, whose spatial appearance is independent of
the season, but whose memory does.

The third example, is similar to the first in using a damped process to de-

scribe the time-dependency, but a seasonally varying pattern.

a) Fixed pattern with seasonally varying memory

This is an synthetic example. A series of 30 years of monthly vector data was
generated. Thus, the time series consisted of 360 data points, each of it be-

ing a 6-dimensional vector. The vector time series was constructed by
(5a.1) y(tt) = z(t,T)'p + S

with a time coefficient obeying the first-order autoregressive formula
(5a.2) z(t,t+1) = o(1)z(t,T) + §

with a seasonally varying memory

(5a.3) 1) = o + O sin(t/n-2m)

The process (5a.2) is a damped process and not an oscillatory process. It was
used ¢ = 09 and o= 0.2. The seasonal march of the memory, (5a.3) in shown
0 1

in Fig. 5a.1.

The pattern p (Fig. S5a.2) and also the noise variances Og and o = 1 were cho-

sen as being independent of the season. Given formula (5a2/3) and o©=l, the

scasonally varying variance o of z(e7) s obtained by solving the  matrix

€quation



cyclo 30/1/1991
(Ol(l) 1 O 0 --- 0 )
0 o2 1 0 0
0 0 a3 1
(5a.4) . _ ( ) 0
0 0 0 - aml 1
1 0 0O 0 a(n)J

[ (01)2 )
(c))?
Co%

(on-l)Z

L Co% J

10

{ (css)2 W
©,)"
©,)"

2

(c,)

| @)

The resultant annual cycle of the variance, (01)2, is shown in Figure 5a.3
. .

Both, a stationary and a cyclostationary POP analysis were performed with the

data, yielding consisting results.

standing pattern is identified with an eigen-

stationary POP analysis a
to the prescribed pattern (Fig.

value A = 9. The pattern was
5a.2), and A is identical to the mean memory o . It corresponds to an e-

In the

very similar

folding time of 9.4 months.

The cyclostationary POP analysis yields also one stationary pattern, with an

eigenvalue A = (.16, which corresponds to the damping over a whole year. the

pattern is, again, quite similar to the prescribed (Fig. 5a.2).The mean month-

to-month damping of 0.86 is equivalent to an e-folding time of 6.7 months.

The cyclostationary ~analysis is quite successful in identifying the annual
march  of the memory (through the rt-factors) shown in Fig. 5al. The
Stationary  analysis  indicates, due to its construction, a fixed memory

throughout the year (Fig. 5a.1).

Both techniques are correctly capturing the annual march of the variance (<5:)2
of the POP coefficient (Fig 5a.3). Note, however, that this seasonal variable
variance in the stationary POP model 1is excited by a seasonally varying for-
cing (noise) whereas in the cyclostationary POP model it is, at least partly,

due to the variable memory.
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b) The Quasi-Biennial Oscillation

Patterns and coefficients appear in conjugate complex pairs.

If,

at a certain time T we have

y&T) =Y p* + (¥ pY)° = 2 Re(y)Re(pV)+ Im(y)Im(p")

with some complex number 7, then after one time step we have y(t,t+1) =

Because of (4), SEI(’C)pT = (p

y(t,1+1) = 2 Re(Y)Re(@@PYH+ Im)-Im(@AT)P")

™! That is @&t)p® is, apart from a complex

constant, identical to p**'. The typical cycle ...

Re(p®)

¥

Re(a(t)pY)

N

Re(H(1+1)H(‘C)pT)

2

N

Re(B(1)p")

Im(p*)
NA
Im(&(1)pY) 1+1
J NV
Im(@ (t1+1)a(t)p") T+2
N N
; i
[ im(3(0PY 4n-1

annual cycle of covariance matrices is not smoothed

POP coefficients are obtained as least square fit

eigenvector no. 1
eigenvalue: 0.950 0.220

eigenvector no. 1
eigenvalue: -0.706 0.335

STATIONARY POP ANALYSIS
e-folding time:  39.3 period: 27.6

CYCLO-STATIONARY POP ANALYSIS

e-folding time: ~ 48.7 period:  27.9
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real component imaginary component
Tt | 152030 405070 | "t | 15 20 3040 50 70

94 1 218 34 433017 | 94 | -13 -31 -30 2 36 46
99 2 14 32 43 36 24 99 | -13 -33 -33 -3 31 43
101 | -1 928 4238 27 | 101 | -16 -34 -31 -2 28 44
101 | -3 10 29 42 4130 | 101 | -17 -32 -21 3 3045

103 | -4 1532 433624 | 103 | -21 -29 -13 10 33 48
100 | -3 22 36 43 3121 | 100 | -20 -21 -9 14 40 47
43 34 20 99 | -19 -20 -10 18 41 39
-1 24 37 45 38 21 96 | -17 -21 -10 16 37 41
94 | -1 23 37 48 40 23 94 | -16 -20 -11 11 33 41
94 1 24 39 51 40 20 94 | -15 -20 -15 3 30 39
96 2 2540 50 33 11 9 | -15 -25 -19 1 33 42
94 4 24 37 48 28 10 94 | -15 -28 -25 -1 34 45

96

—
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O

O
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w
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typical evolution beginning in months 1 with real part of POP # 1 (P2 =

A(1)pl; p3 = A(2)p2 etc)
mo dampg | POP pattern

1 1.000 | 0.02 0.18 0.34 0.43 0.30 0.17
2 0.945 1 0.04 0.20 0.36 0.40 0.27 0.13
30938 1 0.06 022 0.37 0.36 0.21 0.05
40949 1 0.08 0.27 0.34 0.30 0.12 -.04
50966 | 0.14 0.31 0.30 0.19 -.04 -.22
6 1.002 | 0.17 0.28 0.24 0.06 -.23 -.33
7 1.010 | 0.19 0.25 0.18 -.08 -.33 -.34
8 1.000 | 0.17 0.21 0.09 -.16 -.37 -4l
9 0.965 1 0.15 0.14 0.02 -21 -.40 -43
10 0911 1 0.12 0.07 -.04 -23 -.41 -40
11 0.862 1 0.09 0.03 -.09 -.28 -.40 -.34
12 0.831 | 0.05 -.01 -.12 -31 -.36 -.30
13 0.782 1 0.03 -02 -.14 -31 -33 -27

typical evolution beginning in months 7 with real part of POP # 1 (p2 =

A()pl; p3 = A(2)p2 etc)

mo dampg | POP patern
7 1.000 | 0.00 0.25 0.39 0.43 0.34 0.20
9 0.964 | (.03 0.27 0.38 0.41 0.29 0.13
10 0.910 | 0.07 0.29 0.38 0.38 0.19 0.01
11 0.862 | 0.10 0.32 0.37 0.30 0.03 -.17
12 0.830 | 0.13 0.31 0.34 0.22 -.09 -.26
13 0.781 | 010 0.28 0.31 0.11 -.17 -29
2 0.739 | 0.10 026 0.26 0.06 -.18 -.28
30733 | 0.12 024 021 -.01 -.22 -33
407411 013 0.20 0.08 -.11 -.30 -.38
507551 0.15 0.13 -.04 -22 -35 -

6 0.783 | 0.13 0.00 -.14 -31 -39 -.38



7 0.789 |
8 0.782 |

typical evolution beginning in months 1 with imaginary part of POP # 1 (p2 =

A(l)pl; p3 =
mo dampg |

W — OV~ LA W —
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0.08 -.07 -.21 -.36 -.40 -.30
0.05 -.11 -24 -37 -37 -27

A(2)p2 etc)

POP pattern
-.13 -.31 -.30 0.02 0.36 0.46
-.12 -.28 -.23 0.07 0.36 0.44
-.14 -25 -.15 0.16 0.39 0.48
-.15 -.18 0.01 0.27 0.47 0.51
-.16 -.06 0.16 0.38 0.47 0.47
-.11 0.11 0.29 0.45 0.45 0.40
-.04 0.20 0.37 0.46 0.42 0.29
-.01 0.24 0.37 0.45 0.38 0.21
0.02 0.26 0.37 0.43 0.31 0.13
0.07 0.28 0.38 0.40 0.21 0.01
0.10 0.30 0.37 0.33 0.04 -.16
0.12 0.31 0.35 0.25 -.08 -.25
0.10 0.28 0.33 0.13 -.15 -.27

bt ek ek

typical evolution beginning in months 7 with imaginary part of POP # 1 (p2 =

A(lpl; p3 =
mo dampg |

A(2)p2 etc)
POP pattern

-.19 -.20 -.10 0.18 0.41 0.39
-.16 -.13 -.02 023 0.41 0.40
-.12 -.07 0.04 0.24 041 0.36
-.09 -.02 0.10 0.30 0.37 (())31

-.05 0.02 0.14 0.32 0.34 0.27
-03 0.04 0.16 0.32 0.31 0.25
0.00 0.06 0.20 0.31 0.29 0.22
0.00 0.09 0.23 0.31 0.26 0.17
0.01 0.14 0.25 0.29 0.22 0.11
0.05 0.21 0.26 0.24 0.10 -.02
0.09 0.24 0.25 0.17 -.04 -.13
0.12 0.24 023 0.07 -.12 -.17
0.12 0.22 0.17 0.01 -.16 -.24

stationary POP # 1-cycle beginning with real part

1 0.975

POP pattern

0.38 0.45 0.32 0.16
40 0.42 0.23 0.05
41 0.36 0.12 -.06
39 0.28 0.01 -.16
35 0.19 -.10 -.26
30 0.09 -.21 -.35
23 -.01 -.30 -.41
15 -.11 -.38 -.46
06 -.21 -.44 -48

’—‘NNU)U)U)U)NN
OO R \ONWW — oW

0.
0.
0.
0.
0.
0.
0.
0.

PELLOOOOO
e e e e 00
ANNARNDTORO
cooocooooo

13
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10 0.776 1 0.14 0.12 -.03 -.30 -.48 -.48
11 0.756 | 0.12 0.04 -.12 -.37 -.50 -.45
12 0.737 1 0.09 -.03 -.21 -.43 -.48 -40

stationary POP # 1-cycle beginning with imaginary part

mo dampg | POP pattern
109751 -.17 -.25 -.16 0.11 0.38 0.46
209501 -.16 -.19 -.07 0.21 0.44 048
30927 | -.14 -.12 0.02 0.29 0.48 0.48
4 0903 1 -.12 -.05 0.12 0.37 0.49 0.46
50.881 1 -.09 0.03 0.20 0.42 0.49 0.41
6 0.859 | -.06 0.10 0.27 0.46 0.45 0.34
7 0.837 | -.02 0.17 0.34 0.46 0.39 0.25
8 0.816 I 0.02 0.23 0.38 0.45 0.31 0.15
90795 I 0.06 0.28 0.40 0.41 0.22 0.04
10 0.776 | 0.09 0.31 0.41 0.35 0.11 -.07
11 0.756 I 0.12 0.33 0.39 0.28 0.00 -.17
12 0.737 | 0.14 0.33 0.35 0.19 -.11 -.27

percentage of locally explained variance
cyclostationary mode

68. 92. 97. 95. 97. 96.
stationary mode

65. 92. 97. 94. 97. 9%6.

lag-1 forecast skills
rms corr-skill

cyclostationary mode 5.0 0.98
stationary mode 5.4 0.98
EXAMPLE 3

C:

first seasonal dependent pattern

1 0.245 0.575 0.330-0.245-0.575-0.330
2 0.449 0.539 0.090-0.449-0.539-0.090
3 0.566 0.381-0.185-0.566-0.381 0.185
546 (.109-0.436-0.546-0.109 0.436
347-0.227-0.573-0.347 0.226 0.573
000-0.500-0.500 0.000 0.500 0.500
347-0.573-0.227 0.347 0.573 0.227
8-0.546-0.436 0.109 0.546 0.436-0.109
9-0.566-0.185 0.381 0.566 0.185-0.381
10-0.449 (.090 0.539 0.449-0.090-0.539
11-0.245 (.330 0.575 0.245-0.330-0.575
12 0.000 0.500 0.500 0.000-0.500-0.500
0 0.000 0.000 0.000 0.000 0.000 0.000

40
50
60
7-0.
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month damping

P Pk
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o
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S

annual cycle of response and forcing

variances
month response  simulated forcing
1 3. 2.1 1.0
2 4.3 3.5 1.0
3 5.9 4.4 1.0
4 8.2 5.6 1.0
5 10.4 6.5 1.0
6 11.4 7.2 1.0
7 10.2 6.3 1.0
8 7.6 5.4 1.0
9 5.0 3.9 1.0
10 3.4 2.5 1.0
11 2.8 3.7 1.0
12 2.8 2.6 1.0

IPROGRAM CYCLO: Cyclostationary POP analysis for monthly means and annual

cycles

annual cycle of covariance matrices is not smoothed
POP coefficients are derived from the adjoints

array of local variances
0.8 0.8 0.8 0.9 0.8 0.8

STATIONARY POP ANALYSIS
sk 3 ok ok sk ok okokok Rk ok okok KoK
**********************************************************

e@genvector no. 1 ) . eriod: 116
Cigenvalue: 0.716 0.429 e-folding nmi)AO 5:?).16 P

Ei R: 025 041 0.6 -0.25
Ei I 033 003 037 034 -0.835 -0_.3722
Ad R: 025 029 021 -029 D45 0%
Ad I: 066 009 -025 -004 O )

CYCLO—STATIONARY pPOP ANALYSIS
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Aakakeok ok 3k 3k k3 ke ok ke s e ok 2k o ok ok ke ok 3 ok sk K 3 3k ok ok 3k sk e e 3k 3k e sk sk 3k ok e e 3k sk ke e 3 ok e ok ok 6 sk 3k 3k ok ek 3 3k ok a3k ok ok 3k ok a3 ok ok k ok ok ok

eigenvector no. 1

eigenvalue: 0.175 0.000 e-folding time: 6.9 period: ¥¥¥¥**
Ei R: 0.26 056 038 -0.20 -0.58 -0.31
Ad R: 1.77 -0.29 1.78 -0.64 0.69 -0.98

cyclostationary POP # 1 real part

mo r(mo) | POP pattern

1 1.005 | 0.26 0.56 0.38 -.20 -.58 -.31
2 0942 1 0.44 0.53 0.08 -.48 -.53 -.05
310051 0.56 0.41 -.17 -.57 -.37 0.20
4 1.0351 0.53 0.12 -.43 -.56 -.08 0.45
50998 | 0.36 -.23 -.54 -.33 0.21 0.60
6 0.841 I 0.01 -.51 -.50 -.02 0.48 0.50
7 0.826 | -.33 -.58 -.26 0.30 0.58 0.22
8 0.822 1 -.54 -.44 0.12 0.55 0.44 -.09
9 0.672 1 -.56 -.21 0.43 0.55 0.18 -.35
10 1.082 | -.42 0.02 0.58 0.47 -.13 -.50
11 0.584 | -.27 0.33 0.59 0.23 -.29 -.58
12 0.736 I 0.03 0.52 0.48 -.02 -.47 -.53
1 1.005 1 0.26 0.56 0.38 -.20 -.58 -.31

typical evolution beginning in months 1 with real part of POP # 1 (p2

A(Dp1; p3 = A(2)p2 etc)
mo dampg | POP pattern

1 1.000 | 0.26 0.56 0.38 -.20 -.58 -.31
2 1.005 | 0.44 0.54 0.08 -.49 -.53 -.05
30947 | 0.53 0.39 -.16 -54 -.35 0.19
409511 050 0.11 -.41 -.53 -.08 0.43
50.985 | 0.35 -23 -.54 -33 021 0.59
6 0.982 | (.01 -.50 -.49 -.02 0.47 0.50
7 0.826 | -.27 -48 -22 0.25 0.48 0.18
8 0.683 | -.37 -30 0.08 0.38 0.30 -.06
9 0.561 | -31 -.12 0.24 0.31 0.10 -.19
10 0.377 | -.16 0.01 0.22 0.18 -.05 -.19
11 0.408 | -.11 0.13 0.24 0.09 -.12 -.24
12 0.238 | 0.01 0.12 0.11 0.00 -.11 -.13
130.175 1 0.05 0.10 0.07 -.03 -.10 -.05

: P#1 (p2 =
typical evolution beginning in months 7 with real part of PO P
A(l)p1; p3 = A(2)p2 etc)

mo dampg | POP patern

71000 | -33 -.58 -26 030 0.58 022

9.0.822 | *#* _57 127 1.18 0.37 45

10 0.553 | -.40 -.08 0.92 0.68 -.36 5706

11 0.598 | -.34 .47 0.80 0.28 -40 -



12 0.349 |
13 0.257 |
2 0.258 |

3 0.243

4 0.244 |

cyclo  30/1/1991

41 0.40 -.01 -.38 -43
32 0.22 -.10 -.34 -.19
31 0.05 -.28 -.31 -.03
22 -.09 -31 -.20 0.11
0.07 -.24 -31 -.05 0.25
0.21 -.13 -.31 -.19 0.12 0.34
0.00 -29 -29 -.01 0.27 0.29
-.16 -.28 -.12 0.15 0.28 0.11
-.21 -.17 0.05 0.22 0.17 -.04

0.02 0.
0.15 0.
0.25 0.
0.31 0.
0.

stationary POP # 1-cycle beginning with real part

mo dampg |

POP pattern

0.25 0.41 0.16 -.25 -.40 -.16
0.38 0.34 -.05 -.38 -.33 0.06
0.41 0.17 -.25 -.41 -.16 0.25
0.32 -.05 -.38 -.32 0.05 0.38
0.14 -25 -39 -.14 0.25 0.39
-.08 -.39 -.30 0.08 0.38 0.30
-.28 -.41 -.12 0.28 0.40 0.12
-.40 -.32 0.09 0.40 0.30 -.09
-.40 -.14 0.28 0.40 0.12 -.28

-.29 0.09 0.39 0.30 -.09 -.39
-.10 0.28 0.38 0.10 -.28 -.38
0.12 0.40 0.27 -.12 -39 -27

stationary POP # 1-cycle beginning with imaginary part

mo dampg |

POP pattern

-.33 0.03 0.37 0.34 -.03 -.37
1 23 0.40 0.16 -.23 -40
6 0.38 0.31 -.06 -.37 -.31
6 0.41 0.14 -.26 -.40 -.14
9 0.33 -.07 -.39 -.32 0.08
0 0.15 -.27 -.41 -.14 027
0.30 -.07 -.38 -.31 0.07 0.38
0.12 -27 -.39 -.12 026 039
-.10 -.39 -.29 0.10 0.38 0.29
.29 -.41 -.10 0.29 039 0.10
-.40 -30 0.11 0.40 029 -.11
-39 -.12 0.29 040 0.11 -30

0.
-.16 0.
0.06 0.
0.26 0.
0.3
0.4

isti i ode
Statistics of cyclostationary mode and of stationary i

real parts

month varaince cyclo. stat. correlatigl(l)

CONON N W —

sk Aok K
421'%1/****** 0.000
4'51****** 0.000
5:20****** OOOO

ok ok Kk
ggg****** OOOO

.26****** 0.000

4.97%wHH¥H

17
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9 4.1 FAkkkk 0.000
10 2.7 6***xx% 0.000
11 4.20% ¥ A%k 0.000
12 2,59 ¥dkx% 0.000

percentage of locally explained variance
cyclostationary mode
84. 87. 85. 82. 87. 84

lag-1 forecast skills
rms corr-skill
cyclostationary mode 1.1 0.87

4.) PREDICTIONS
Using Kalmann filter (Honerkamp and Weese, 1988?)

6. TECHNICAL ASPECTS
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Figure Captions

Figure Sa.l

The seasonally march of the memory in Example 5a.1, as prescribed in the
synthetically generated vector time series, as reconstructed by the stationary
POP analysis (a constant) and by the cyclostationary POP analysis.

Figure 5a.2

The standing, and seasonally fixed, pattern used in Example 5a.l: as prescri-
bed in the synthetically generated vector time series, and as identified in
the stationary POP analysis and in the cyclostationary POP analysis. The num-
ber of spatial coordinates is arbitrarily set to 6.

Figure 5a.3
The seasonally march of the variance (0':)2 of the (real) POP coefficient z 1n

Example 5a.1, as prescribed in the synthetically generated vector time series,
as reconstructed by the stationary POP analysis and by the cyclostationary POP

analysis.
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P(x )

T/____\_—A
first seasonal dependent pattern  \
1 0.245 0.575 0.330-0.245-0.575-0.330
2 0.449 0.539 0.090-0.449-0.539-0.090
30.566 0.381-0.185-0.566-0.381 0.185
4 0.546 0.109-0.436-0.546-0.109 0.436
50.347-0.227-0.573-0.347 0.226 0.573
6 0.000-0.500-0.500 0.000 0.500 0.500
7-0.347-0.573-0.227 0.347 0.573 0.227
8-0.546-0.436 0.109 0.546 0.436-0.109
9-0.566-0.185 0.381 0.566 0.185-0.381
10-0.449 0.090 0.539 0.449-0.090-0.539
11-0.245 0.330 0.575 0.245-0.330-0.575
12 0.000 0.500 0.500 0.000-0.500-0.500
month damping

1 1.000

2 1.073

3 1.100

4 1.073

5 1.000 O<T:

6 0.900

7 0.800

8 0.727

9 0.700

10 0.727

11 0.800

12 0.900

annual cycle of response and forcing

mon

th response

3.
4.
5.
8.
10.
11.

: [
MNWO g O

OO DBDBNDNOVWW

variance

S

simulated

3.
5.
7.
8.
10.
11.

10
8
5.
3
3
4
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forcing
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Sbvx“w\;cd; Eacamrlc

;Zik( = odi)2=£ + noise
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eigenvector no. 1
eigenvalue:

cyclostationary POP # 1 real part

mo r(mo) | POP
11.000 | 0.28 0.62
2 1.246 | 0.48 0.53
31.009 | 0.56 0.37
4 1.051 | 0.55 0.12
50.988 | 0.37 -.20
6 0.853 | 0.03 -.47
70.873 | -.32 -.58
8 0.746 | -.53 -.43
9 0.765 | -.53 -.19
10 0.738 | =-.50 0.03
11 0.954 | -.24 0.36
12 0.827 | 0.01 0.50
1 1.000 | 0.28 0.62
month wvariance cyclo.
1 3.86

2 4.37

3 7.99

4 9.48

5 11.58

6 12.87

7 11.00

8 8.95

9 6.21

10 4.48
11 3.57

0.323 0.000

CYCLO-STATIONARY POP ANALYSIS

e-folding time:

pattern

0.29 -.24
0.12 -.39
-.17 -.57
-.45 -.55
-.58 -.38
-.53 -.03
-.26 0.35
0.09 0.56
0.39 0.61
0.56 0.43
0.58 0.19
0.53 0.01
0.29 -.24

|l oocooc oo )

10.

6

period: % % % %k %k Kk
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eigenvalue: 0.767 0.463 e-folding time: 9.1 riod: )
Ei R: -0.04 0.32 ¢, 38 0.04 -0.32 ~0.35 F° Hi-6
Ei I: -0.41 -0.26 0.16 0.42 0.25 =0.17
stationary POP # 1l-cycle beginning with real part
mo dampg | POP pattern
10.896 | -.04 0.32 0.38 0.04 -.32 -.35
20.803 1] 0.18 0.40 0.24 -.18 -.40 -.22
30.720 | 0.35 0.37 0.03 -.35 -.37 -.02
4 0.646 | 0.41 0.24 -.18 -.42 -.23 0.19
50.579 | 0.36 0.03 -.35 -.37 -.03 0.33
6 0.519 | 0.21 -.18 -.41 -.21 0.19 0.39
70.465 | -.01 -.34 -.35 0.01 0.35 0.33
8 0.417 | -.22 -.41 -.20 0.23 0.41 0.18
90.374 | -.37 -.35 0.02 0.38 0.35 -.03
10 0.335 t -.41 -.20 0.22 0.42 0.19 -.22
11 0.300  -.34 0.01 0.37 0.34 -.02 -.36
12 0.269 | -.17 0.22 0.41 0.17 -.23 -.39

stationary POP # l-cycle beginning with imaginary part

mo dampg | POP pattern
10.896 | =-.41 -.26 0.16 0.42 0.25 -.17
2 0.803 | -.38 -.06 0.33 0.38 0.05 -.32
30.720 | -.23 0.16 0.41 0.23 -.17 -.39
4 0.646 | -.02 0.33 0.37 0.02 -.33 -.34
50.579 | 0.20 0.41 0.22 -.20 -.41 -.20
6 0.519 { 0.36 0.36 0.01 -.37 -.36 0.00
70.465 | 0.42 0.22 -.20 -.42 -.21 0.20
8 0.417 | 0.35 0.01 -.36 -.36 0.00 0.35
90.374 | 0.19 -.20 -.41 -.19 0.21 0.39
10 0.335 | -.03 -.36 -.34 0.03 0.36 0.32
11 0.300 | -.24 -.41 -.18 0.25 0.41 0.16
12 0.269 | -.38 -.34 0.04 0.39 0.34 -.05



Cyclostationary POP analysis

Example 5b:

The Quasi-Biennial Oscillation
in the Equatorial Stratosphere

text20



The QBO

The Data

« Zonally Averaged Zonal Wind in the Equatorial Stratosphere
« at 15, 20, 30, 40, 50 and 70 mb

* Anomalies of monthly means
from January 1953 through August 1989

» supplied by Meteorologisches Institut
Freie Universitaet Berlin

« see also: Xu, J., 1990: On the relationship
between the SO and the QBO. MPI Report #48

text21



The QBO

Principal Oscillation Patterns

imaginary

15 20 30 407 5070 {5 N80 T30 Ay BE U
mb

cyclostationary (Ja) stationary

cyclob1



The QBO
Seasonal Cycle of Damping Rates

1.1

0.95

0.9
Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

According to

cyclostationary stationary analysis

cyclob2



The QBO

Seasonal Cycle of Variance

23

imaginary

real

R g««%ﬁ%&w@%ﬁﬁgﬁf

JFMAMJ JASOND

JFMAMJJASOND

stationary

cyclostationary

cyclob3



Cyclostationary POP analysis

Real World Example 5d:

El Nino / Southern Oscillation
in terms of equatorial zonal wind and SST

text40



ENSO
The Data

Monthly anomalies of

- zonal surface wind

- SST

along the Equator from

the African coast to Peruvian coast

ona )"’chdeg grid.

January 1951 through December 1986
(36 years of monthly data)

Data supplied by Tim Barnett (SIO)
see also Storch,Weese, Xu: Z. Meteor. 40, 1990

text41



ENSO
Data Preprocessing

» data have been (Fourier) filtered so that
- variability on time scales < 6 months is suppressed
- variability on time scales > 12 months is unchanged
- in between: cosine tapering

* data have been normalized so that the 24-point vector
of SST anomalies and the 24-point vector of the zonal
wind anomalies have the same spatially averaged
variance 1.

* The 48-dimensional vector, combined from the filtered
and normalized SST and zonal wind vectors, is EOF
analysed. The first 10 EOFs, explaining about 75% of
the (filtered and normalized) variance are retained.

text42



ENSO
Results

A stationary and a cyclostationary POP analysis is done.

Modes with a memory > 0.8 the averaged local memory
are retained.

TWO modes are found

mode period e-folding time

1 30 25 stationary
1 29 18 cyclostationary
2 46 14 stationary
2 40 13 cyclostationary

In the following only mode 1 is considered.
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ENSO: CYCLOSTATIONARY ANALYSIS
KFkK KKK KK AR KKk ARK KKK KR KKKk kk k%

imaginary component

zonal surface wind

6 8 10 12 14 16 18 16 14 12 10 8
1 | 3 -3-14-19-23-18 -5-11 -3 16 10 14 12 14 20 15 6 1 -5 -1 -4 -2 -3 -3
2 | 2 -4-12-17-20-16 -3-11 -2 177 91310 12 1712 3 0 -7 -3 -5 -2 =3 =2
3 | 2 -3-10-15-18-15 -3-10 0 16 10 13 10 11 13 7 0 -2 -7 -5 -6 -3 -3 =2
4 | 2 -2 -8-12-17-15 -5 -7 1 16 16 16 14 12 11 3 0 -3 -4 -5 -6 -3 -3 -1
5 | 2 -1 -7-11-18-16 -8 -3 3192319191712 1 0-2 0-3-5-3-3 0
6 | 3 -1 -9-13-22-19-10 -2 3 22 2622232114 1 0-1 3-1-5-4-3 0
7 | 4 -1-11-16-27-24-12 -3 2 23 27 23 252418 3 0-1 5-1-5-4-4 0
8 | 5 -2-13-21-33-28-13 -5 0 21 2523252521 7 1-1 5 0-5-4-4-1
9 | 6 -3-15-24-36-31-13 -8 -1 20 22 22 23 242311 4 0 3 0-5-3-4-2
10 | 6 -3-16-24-35-29-12-10 -3 18 20 20 21 22 2414 7 2 2 0 -4 -2 -3 -3
11 | 5 -3-16-23-32-26-10-10 -4 16 17 17 18 20 23 16 8 3 0 1 -3 -1 -3 -3
12 | 4 -3-15-21-28-22 -8-10 -4 15 1515 1517 22 17 8 3 -1 0 -3 -1 -2 -3
sea surface temperature
6 8 10 12 14 16 18 16 14 12 10 8

11 10 8 2 3 4 0 2 3-1-3-4 2-4 611121011 9 7 4 2 4 6
21 10 7 1 3 5 0 2 4 0 0-2 3-3 71111 g 8 7 3 0-2 0 2
3| 7 4 1 2 5 0 2 4 0 1 0 4 0 71110 6 6 5 0-2-3-2 0
4 | 4 2 1 2 3 0 0 1-1 10 4 2 710 9 5 6 5 1 0 0 0 O
5 | 2 1 2 4 1-1-2-2-4 0 2 5 5 8 910 5 17 7 4 4 5 4 1
6 | 2 1 3 5 2-2-3-4-6 0 3 8 5 8 912 6 1010 6 7 8 6 1
7| 3 2 5 7 3-2-3-4-7 0 410 5 911 14 g8 1112 8 910 7 1
8 | 5 3 7 9 5-1-1-2-6 0 511 5 812 15 91314 91010 7 2
9 | 6 4 7 9 6 0 0-1-5 0 311 4 61215 10 13 15 10 10 10 9 5

-4 - 4 12 15 11 14 15 10 11 10 11 9
10 | 8 6 7 8 5 0 0 0-4-2 0 8 2

-4 -4 - 0 310 14 11 13141111 91111
11 8 7 6 6 4 0 0 0-4-4-3 5 5 7 910
12 9 § 3 5 3 0 0 1-4-5-5 2-2 3 10 13 10 12 12 9



ENSO CYCLOSTATIONARY ANALYSIS
Rk Kk kkkkk kA kXK Kk kkkkk kK kkok %

real component

zonal surface wind

6 8 10 12 14 16 18 16 14 12 10 8
1 | 4 0 -6-10-15-15 -4 -6-10-17 8 1 4 61520 9 9 5 6 2 0 -1 -3
2 | 3 0 -5 -8-11-12 -1 -8-14-25 1 -3 0 316251011 5 8 3 1-1 -4
3 | 2 0 -3 -5-5-7 2 -8-16-37 -8-11 -8 -1 1426 911 4 9 3 1 -1 -4
4 | 2 0 0 0 1 -1 6 -6-16-49-16-19-14 -8 621 6 8 3 7 3 2 0 -3
5 | 1 0 3 3 7 2 7 -3-13-51-15-21-16-12 -212 3 6 1 5 3 2 0 -2
6 | 0 1 5 6 9 4 6 0 -9-44 -8-17-14-13 -8 5 0 5 1 4 4 3 1 -1
7 | 1 2 5 7 8 3 4 3 -6-36-1-12-10-10-8 1 0 4 3 4 4 2 1 O
8 | 1 2 3 4 3 0 1 4-528 3-7-5-5-5 1-1 4 5 4 3 1 0 O
9 | 2 1 0 0-3-6-1 2-4-21 7-3 0 0 0 2-1 3 7 5 2 0 0 O
10 | 3 0 -2 -4-10-12 -3 0 -5-16 10 0 3 4 4 5 0 3 7 5 1 0 0 O
11 | 4 0 -4 -8-15-16 -5 -2 -6-1212 3 5 6 8 9 3 5 7 5 1 0-1-1
12 | 4 0 -5-10-17-17 -6 -4 -7-12 12 4 6 71214 6 7 6 6 1 0 -1 -2
sea surface temperature
6 8 10 12 14 16 18 16 14 12 10 8
1 | 7 714 8 11 11 18 10 0 -9-12 -3 -2 -7 6 11 13 15 16 12 16 11 13 13
2 | 9 8 14 9 13 13 22 14 0 -9-14 -6 -5 -9 6 11 15 16 17 13 16 8 10 12
3 8 7 14 8 15 15 26 16 2 -8-14 -8 -7-12 4 9 14 14 15 1012 3 5 9
4 | 5 413 5 14 15 27 17 6 -6-12-10 -6-14 0 2 9 7 9 4 6 0 0 6
S | 1 212 2 9 13 22 14 7 -4-10-11 -2-15 -4 -3 2 1 3 0 3-2 0 6
6| -1 010 O 4 11 16 10 5 -4 -9-12 0-15 -7 -6 -1 -1 0-2 2 0 1 6
71 -3 0 9 0 1 811 6 2 -5-8-10 1-14 -7 -6 -2 -1 0-2 3 1 3 5
8 | 3 0 9 2 1 1 9 3 0-5-6-7 2-11-6 -4-1 0 1 0 5 3 4 3
9| - 5 ¢ 3-1-4-4-3 2-9-3 0 1 241 7543
| -2 010 ¢ -3 - 3.7 0 2 3 5 8 4 9 176 4
20 0 011 & > 3 1? § —i 2 g 8 2-7 2 6 6 911 711 9 9 7
11 7 -1 -4 -
12 : i § iz ; g 913 7-1-6-8-1 1-7 4 9 10 12 14 10 14 11 12 11



ENSO: STATIONARY POP ANALYSIS

K %K Kk % Kk Kk Kk Kk Kk K K Kk k gk ok ok ok Kk ok Kk ko ok ok ok ok

real component

zonal surface wind

6 8 10 12 14 16 18 16 14 12 10 8
T3 I200116-2320 -8 -8 -2 13 24 13 20 20 22 14 6 4 0 0 -4 -2 -3 -2
sea surface temperature

6 8 10 12 14 16 18 16 14 12 10 8
T S e T T T e 11 412151215 14101110 11 9

imaginary component

zonal surface wind

6 8 10 12 14 16 18 16 14 12 10 8
a_f--zi—-a—-a_ ; 2 3 0 311271210 5 2 -6-16 -8 -7 -4 -7 -4 -1 0 2
sea surface temperature

6 8 P 10 12 14 16 18 16 14 12 19 _____ g___
o173l Te-10-10-17-11 -4 6 7 3 4 7 -2 -5 -9-10-11 -9~ -6 -7 -9



ENSO

Seasonal Cycle of Variance

mode 1

cyclostationary
(29 months period)

stationary analysis
(30 months period)
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Cyclostationary POP analysis
Conclusions: Method

« The CYCLOSTATIONARY POP ANALYSIS is capable
to identify seasonally varying memories and
patterns.

* The results obtained in synthetical and in
real-world examples were consistent with the
result of a conventional (stationary) POP analysis.

Con1



Cyclostationary POP analysis
Conclusions: Physics

« The QBO in the equatorial stratosphere:
- It is a downward propagating signal,
with a period of about two years.
- The pattern of the QBO is almost
independent of the annual cycle.
- The memory of the QBO is amplifying
in March to June, and dampened otherwise.

* El Nino / Southern Oscillation
- ENSO is an oscillatory phenomenon that
is eastward propagating in terms of zonal
surface wind but standing in terms of SST
- ENSO is amplified in May to Septemboer,
and dampened in October to March.
- The patterns vary with the annual cycle.

Con2



Cyclostationary POP analysis
Conclusions: Outlook

« Use of deterministic cycles not given by time,
but by, e.g., the QBO: ENSO

» Use of other deterministic cycles given by time,
e.g. diurnal cycle

* Investigation of processes with periods less
than the deterministic cycle: the 30-60 day oscillation

Con32
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ENSO
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ENSO
Seasonal Cycle of Variance

imaginary
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d cyclostationary stationary analysis

(39 months period) (45 months period)
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