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Abstract

The quasi-realistic models of the dynamics of climate and of its subsystems
atmosphere and ocean are in principle deterministic - but in practical terms
they behave stochastically. In two introductory examples, the issue is ex-
plained, leading to the conclusion that given our inability to ”understand”
high-dimensional, multiply nonlinear systems, the stochastic Ansatz of Klaus
Hasselmann, the ”stochastic climate model”, is a suitable tool for concep-
tualizing and analysis. Randomness is an unavoidable component in such
studies, independently if there is true randomness in the world or if it is mere
a practical solution to something, which is intractable otherwise.
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1 Introduction

When using models to simulate the statistics1 of climate, or atmospheric or oceanic
dynamics, quasi-realistic models are used [18]. Such quasi-realistic models are
describing the dynamics of the system in detail, with as much complexity as the
computer platforms allows. Of course, models simulating regional dynamics of ocean
or atmosphere, differ from those dealing with the global ocean or atmosphere. Also
the dynamics of ocean and of atmosphere differ, but the essentials, the issues of
determinism or stochasticity are the same.

Such models do not provide directly understanding of the system, but they
return mostly realistic trajectories in phase space, at least ideally. By projecting such
simulated data on maximum simplicity models, understanding may be constructed.2

An example of such maximum simplicity model is the stochastic climate model (see
below).

1The term ”statistics” does not necessarily refer to ”analysis of data” but as describing the
variations of the systems as uncertain, but constrained by distributions subject to some random
variations.

2This would deserve a more extended discussion of what ”understanding” constitutes, namely
the successful projection of empirical evidence on a maximum simplicity model - this line of arguing
is deepened in [18].
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Quasi-realistic models tend to generate different trajectories in phase space, if
the system is weakly disturbed, for instance by a slightly modified initial state.

We discuss two concepts, process-based models as a case of maximum com-
plexity models, and the stochastic climate model as a case of the minimum
complexity model

• Process based models All general circulation models, be they regional or
global, of the atmosphere and the ocean are ”process based”. They are max-
imum complex, featuring as many processes as is economically viable. Their
basic equations are of the type

Φt+1 = Φt +∆t
∑
k

Pk(Φt; t) (1)

with a state variable Φ and times t+1 and t, and a series of ”processes” Pk(Φ),
such as turbulence, advection and so on. After suitable discretization and
determination of initial conditions, the set of equations (1) can be integrated
forward in time. Thus, the equations are in principle deterministic, except if
some processes are specified stochastically (e.g., [1]).

• Stochastic climate model [10]. This type of models is fundamentally differ-
ent; in fact, it is a maximum simplicity model. It is based on the assumption
that the state variable Φ may be split into a slow part Φ̄ and a fast part, which
is independent of the slow part and may be summarized in its effect on the
slow part as ”white noise” n.

dΦ̄

dt
= λΦ̄ + n (2)

or
Φ̄t+1 = (1 + ∆tλ)Φ̄ + n∆t (3)

with the constant λ representing memory and ”white noise” n. In order to
have limited variance, λ must be negative. Equation (2) is named in physics
”Ornstein-Uhlenbeck process” and its discrete version (3) in statistics ”auto-
regressive process of first order” [26]. The larger (1 + ∆tλ), the redder the
auto-spectrum, i.e, the larger the long term variations. With (1 + ∆tλ) = 1,
or λ = 0 the process is no longer stationary but turns into an unlimited random
walk.

The topical center of this book are multiple time scales - and this is indeed a
key aspect in climate science - because climate manifests itself in variations, and
changes, on time scales of decades of years and longer, while the weather takes place
on time scales of weeks of days and less. The process-based models, i.e. the general
circulation models, resolve the contributions of processes on the state variables with
high temporal resolution, with time steps of minutes and even less. It is assumed
that the slow variations are consistently described by such models, simply by filter-
ing the short term fluctuations. This is very different with the stochastic climate
model, which is based in an assumption of two separate realms of time scales. Short
time scales, the weather, are conditioned by the state of the long term variations,
but otherwise have their own independent life, which may be conceptualized as con-
ditionally random (when looked upon by the long-term state). The other realm, the
dynamics of the long-term variations are deterministic, but subject to the stochas-
tic forcing of the short term forcing. This concept has turned out to be powerful
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in explaining the spectrum of climate variations, its significance for understanding
complex systems was recognized by the Nobel Prize in Physics in 2021, and is getting
renewed attention (e.g., [27]).

INSERT Box 1, climate spectra
In Section 2 we introduce two examples, demonstrating the dichotomy of deter-

ministic behavior and of behavior best described in statistical terms. Obviously, if
we really keep everything identical, we will be able to repeat the trajectories. But
that is hardly possible. Knowingly or unintentionally, there will be some changes in
very minor details. Then, deviations will emerge, which will grow strongly in certain
dynamical situations. When there is a restoring factor, the deviations may become
small again. Thus, the dynamics exhibit stochastic behavior, or, differently formu-
lated - is best described as stochastic process, possibly conditioned by the changing
dynamical state of the system (Section 3).

2 Two examples

The two cases presented below show that in very different set-ups, one on the drift-
ing of objects, another on the regional circulation of the atmosphere, trajectories
(in geographic space as well as in phase space) differ at times strongly. The trajec-
tories are in principle deterministic, but the differences, for instance introduced by
releasing bottles a few meters apart or by using different computer platforms, cause
the ensembles to diverge.

2.1 Bottles drifting in the Baltic Sea

In July 2019, several bottles with letters inside were released into the Baltic Sea at
the same time and the same location somewhat southwest of the Island of Bornholm
(star in Figure 1). The exercise was part of a public relation event, but it turned out
to be an experiment-of-opportunity [25]: The finding of quite a few of the released
bottles was later reported - at beaches far away in very different directions (red
dots in Figure 1): The outcome of this drifting experiment-of-opportunity could
be considered a demonstration of the presence of ”noise” in the fluid system. The
”experiment” was analysed in some detail by [2].

This case in the Baltic Sea is consistent with many other earlier such drifter
experiments, such as the NOAA Global Drifter Program [4], or the analysis of [15]
of surface drifter separation in the Gulf of Mexico.

In a Lagrangian sense, any trajectory is completely deterministic [2]. When two
bottles are exposed to strictly the same currents, winds and possibly other forcing,
the two bottles will travel the same trajectory. However, such ”completely identical
conditions” can hardly be generated. The locations of release are a few meters
apart, the timing differs by a few seconds. Since there is variability on all, also
on the smallest spatial scales, two neighboring bottles will eventually be subject to
different currents, and their trajectories will become uncoupled.

Thus, the pattern in Fig. 1 may be conceptualized as the effect of ”noise”, i.e.,
variations which cannot be traced to specific drivers, even though each trajectory
itself is completely deterministic.
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Figure 1: Locations of release and of finding drifting bottles in the Baltic Sea.
Prepared by Ina Frings.
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2.2 Intermittent divergence in a regional atmospheric model

The second case deals with simulations of the Northern European atmospheric cir-
culation with a regional model [5]. The dynamical model was forced with analyzed
conditions along the lateral boundaries. Two ensembles of simulations were done
- one with shifted initial states but on the same computer, and another one with
identical initial conditions but on different computers. Everything else, like bound-
ary conditions or the code, was the same during the integrations. The ensembles
generated different trajectories in phase space, which could not be connected to any
external cause - sometimes small but never zero differences, but intermittently large
ones.

An example are temperature anomalies at one location in Southern Norway,
close to were Oslo is situated in the real world. ”Anomalies” are deviations of the
daily ensemble mean. The temperature anomaly development in the second half of
1985, far from the time of initialization, is plotted in Figure 2. In one ensemble the
noise is introduced into the system by using shifted initial times (top diagram). The
middle shows the same: this time the ensemble is again running with identical initial
conditions but on different platforms. The curves in both ensembles show a similar
behavior; until about day 260 the trajectories differs a bit, but not strongly, then
a quiet period follows until about day 310, and thereafter large differences appear.
The similarity of the clouds of curves is further documented by plotting the standard
deviations at each day for the two ensembles in the bottom diagram. The resulting
curve of the standard deviations are virtually identical.

While it is clear that using different initialization times will insert small seeds of
noise into the system, this is less obvious when using different computer platforms -
but here we have different ways of processing the same code, which will lead to small
rounding errors (e.g., [6]). Obviously, it does not matter how the noise is ”seeded”
into the model - the results is the same and hardly dependent on the intensity of
the initial disturbance. Even minuscule disturbances do ”̀ıt”.

Even when small disturbances are present at all the time, the system will be in
a kind of hiatus for extended times. When the dynamical situation allow - namely
when the dynamics in the inner of the area are mostly decoupled from the boundaries
- then significantly different developments are possible.

A similar result is reported for the simulation of marginal (regional) seas [16].
That regional atmospheric and oceanic models tend to diverge was noted by [13]
and [21], and by [22], [23] and [14]. Weisse et al. [30] coined the term “intermittent
divergence in phase space“.

In case of global models, the systems starts diverging from the very beginning
and, lacking any restoring factor, the details of the circulation will be very different
in all future times (albeit constrained by the climatological state). In such systems
divergence was recognized much earlier than in regional systems ([20], [3]) - in global
systems, divergence is not intermittent but permanent.

INSERT Box 3, Estimating internal variability

3 Why resorting to a stochastic description when

the dynamics are deterministic?

The two examples of the previous section have demonstrated that ”noise” is a prop-
erty of the system, as a whole, not a specific process, which would appear on the
right hand side of equation (1).
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Figure 2: Development of temperature anomalies at ”Oslo” in two ensembles of sim-
ulating conditions in a regional atmospheric model, exposed to the same boundary
conditions, but slightly disturbed by either shifting the time of initialization (top).
or by running the code of different computer platforms(middle).The bottom diagram
shows the daily standard deviations of both ensembles. [5]
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Is ”noise” something real, or is it merely a concept, which allows us to handle
something otherwise intractable? Sometimes, the rhetoric question is raised, when
things seemingly behave randomly, if God would role a dice for deciding about his
actions - in fact, it could also be that the decision of God, if there is any, are so
complex that we cannot unravel it - and we are best off by just making stochastically
sense.

A prototype of this kind of noise is Einstein’s Brownian motion, in which a big
particle is subject to collisions with many small particles. The option, to trace each
of the small particles can not be used, simply for logistic reasons. Instead, the effect
of the small particles is summarized as white noise [26]. The large particle moves
seemingly randomly - it is the ”random walk”.

Obviously, this model can be revised, by assuming a background force acting
on the large particle, as the large-scale currents in the Baltic Sea drift example
(Section 2.1). The small particles are the small displacements due to small-scale
gradients in the turbulent current (and wind) fields. In case of the regional at-
mospheric circulation (Section 2.2), another minor modification is implemented,
namely the presence of a restoring factor. The small particles represent the small
internal variations acting upon the circulation. The boundary conditions constrain
the system so that it cannot move too far and too long away from a state enforced by
the boundary conditions. This is essentially Hasselmann’s stochastic climate model
[10] or, in its simplest form, equation (3).

The stochastic concept invites also other disciplines, such as coastal morphology
or marine ecosystems, to introduce random elements in modeling.

Why are these systems behaving as if they would be stochastic? It is not that
these are low-dimensional cases with dominant nonlinearities. It is not the case of
a butterfly flapping its wings and changing weather in Oldenburg [12]. Instead, as
outlined in [24], it is the combination of very many dimensions with many minor
nonlinearities - thus, myriads of butterflies are in action, who repeatedly flap their
wings.

4 Dealing with stochastic behavior

The decision to consider the systems as stochastic has consequences, both for the
set-up of models, and for the analysis of model output.

4.1 Generating Ensembles

In case of the drifting objects, these are subjects to currents (and winds) as given for
a gridbox, possibly after suitable interpolation. However, the variations of the real
current field in a gridbox are not resolved - this effect may be taken into account
by adding a noisy displacement of a particle, as done in [2]. Thus, adding noise
represents a parameterization of the effect of unknown sub-scale turbulent state -
a randomized parameterization [28, 19]. To be able to analyze the effect of this
sub-scale divergence, ensembles of drifting objects need to be followed, each subject
to the random displacements.

In case of models of the dynamics of atmosphere or ocean, with high resolution,
noisy behavior can be provoked by inserting small seeds of deviations, as described
above in the cases of [5] or [14]. Thus, in these cases, ensembles of simulations,
initiated at shifted times, run on different computer platforms, using randomized
parameterizations, or maybe other forms of noise seeding are required.
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Figure 3: Sketch of early perceptions of the continuous spectrum of variations of the
climate system, including the spikes associated with the annual and diurnal cycles.
[17]

4.2 Stochastic analysis

To evaluate the outcome of ensembles or of extended simulations, when assuming
ergodicity, requires measures to measure scales in space and time, and to distribute
variance across different scales. To do so, auto-covariance functions and auto-spectra
are suitable [26]. Such spectra are, except for the spikes of the annual and diurnal
cycles, not mere sums of spikes associated with specific forces. Instead, such spectra
describe a continuum of variance distributed across time scales (e.g., Figure 3),
as predicted by the Stochastic Climate Model. For examining spatial variability,
Empirical Orthogonal Functions and other pattern-oriented methods [26] may be
suitable as well as methods from geostatistics may be useful, as demonstrated by
[23].

Early on, it became clear that the presence of noise is hindering the determination
of ”signals”. This is the challenge when examining the difference of two simulations
differing only with respect to one specifically modified aspect [3]. Also observational
data contains such signals, for instance when comparing times, when an El Nino
events is on, and when it is not.

As solution, statistical hypothesis tests were introduced, which are nowadays
standard tools used in working with global models, but less often in regional studies.
The study of [30] presents a case, where the differences between two ensembles of
simulations was large in certain areas, while not being ”significant”, while smaller
ones, turned out to reflect a systematic effect. The community needed some time to
learn the lesson, that statistical significance and physical significance are different
concepts.

8



Such statistical testing suffers from two bottlenecks, one is the limited number
of independent samples, the other in many cases the high dimension of fields. The
former can be overcome relatively easily when simulations are studied - extending the
ensemble or the length of the simulations results in more samples and thus better
power of the statistical test. The other problem is usually solved by projecting
the full high-dimensional fields on a few ”guess patterns”, which are expected to
represent the signal [7].

This challenge, to determine a systematic imprint by an external factor, became
societally pressing, when the observational data were screened if they are affected by
the steady increase of atmospheric greenhouse gas concentration (they are). This
problems was solved by Hasselmann’s ”detection and attribution” concept [7, 8,
11]. The statistical evidence has been assembled that the air temperature record of
the Earth is changing faster than one would expect if no external factor would be
active, and the only consistent explanation of this extraordinary warming refers to
the elevated greenhouse gas concentrations in the atmosphere.

INSERT Box 2, detection and attribution

5 Conclusions

The are a number of conclusions to be drawn from this discussion.

• The systems of climate and its sub-component atmosphere and ocean behave
both deterministically and stochastically.

• The system moves on trajectories deterministically through its phase space.
However, the exact location of this trajectory can not be determined accu-
rately.

• Along the trajectory the ambient turbulent geophysical state varies on all
time and space scales. Thus any small deviation from a chosen trajectory will
cause the system to follow another trajectory. Such deviations are practically
unavoidable and thus unpredictable.

• Since it is practically impossible to determine, on which trajectory a system is
actually traveling, the movement of the system is best described as stochastic,
similar to Einstein’s Brownian motion and Hasselmann’s ”Stochastic Climate
model”.

• The system may be well described by the general ”Principal Interaction Pat-
tern” concept of Klaus Hasselmann [9]. In this concept, a small ”master”
space, interacts with a large ”slave” space - with the dynamics of the small
master space described deterministically and process based, while the statis-
tics of the large slave part are conditioned by the master, and feeds back
stochastically on the master part.

• In models, the smallest scale gradients are not represented, but may be con-
sidered by using randomized parameterizations (or displacements).

• Thus, in practical terms, any analysis and any meaningful realistic simulation
needs to recognize this uncertainty as a system property, and accept the need
for stochasticity.
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• Thus, different trajectories in the phase space, can be generated by inserting
minuscule seeds of noise when modeling the system. How the seed is introduced
does not matter. The resulting ensembles of trajectories are statistically equal.

• When simulating trajectories in space, i.e, drifting particles, the addition of
random displacements is a suitable parameterization of the otherwise unre-
solved presence of smallest scale gradients.

These concepts were suggested to large extent, but not only, by Klaus Hassel-
mann [10, 7, 9], and have been widely accepted in the community. Indeed, his
achievements were recognized in 2021 by the bestowal of the Nobel Prize in physics
[29]. The achievement is not in the field of mathematics ; indeed, the mathematics
are simple, and now reduced to textbook concepts; the achievement is in a radical
change of conceptualizing the role of short- and long-term variations in the physical
climate system, and their interactions, leading to a stochastic system, with signifi-
cant consequences for the evaluation of numerical experiments and the challenge of
identifying man-made climate change.

A significant detail is that it is not necessary to decide if the randomness is real,
if ”noise” really exists. Employing the mathematical construct of randomness opens
the possibility to describe an otherwise intractable system.

The issue challenging the scientific community is not the limited predictability,
but the redness of the spectra. If it would be the predictability then certainly simple,
strongly nonlinear systems would be excellent candidates - and there was an intense
searching for traces of systems like the Lorenz-system to represent the dynamical core
of the king-term variations. Unfortunately, these searches did not lead to convincing
evidence - in contrast, the much simpler stochastic climate model, which introduces
the unpredictability by having myriads of nonlinear short term fluctuations and
thus less structures, was found to do the job, both concerning predictability and
the redness of the spectra, and clear evidence for its consistency with observed slow
fluctuations in the climate system.
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